We define the Uhlmann number as an extension of the Chern number, and we use this quantity to describe the topology of 2D translational invariant fermionic systems at finite temperature. We consider two paradigmatic systems, representing classes of systems that can have non-trivial topology characterized by the Chern number, and we study the changes in their topology through the Uhlmann number. At low temperature we find the topological phase transitions predicted by the Chern number. However, at higher temperature, by using the Uhlmann number, we find a crossover behaviour without any criticalities. Then, we find a relation in a general system between the mean Uhlmann curvature and the dynamical susceptibility, which gives a hint on how to measure the mean Uhlmann curvature. We also link the Uhlmann number to the dynamical conductivity of topological insulators and superconductors, which extends the TKNN formula to finite temperature. Finally, we relate the mean Uhlmann curvature in the electric field parameter space to the Uhlmann number, whose relation can have an important meaning in the multi-parameter estimation problem.
Introduction -The topological ordered phases of matter are a new field of research that exploded in the last years. The transition between these different phases does not respect the paradigm of the Landau theory of phase transitions. In fact there is no symmetry breaking and it is not possible to define a local order parameter that defines the transition. Considering only the so called symmetry-protected topological phases, in the past years it was studied how the different phases could be classified, and if it would be possible to define a topological invariant that could describe the phases [1] . Interesting classes of systems are those whose ground state is characterized by the Chern number. For a 2D translational invariant system the Chern number is defined through the Berry curvature. These systems are interesting also from a practical point of view. In fact, the topological insulators (TIs), whose topology is characterized by the Chern number, present chiral excitations on the edge, like in the integer quantum Hall effect [2] . On the other hand, the topological superconductors (TSCs), also characterized by the Chern number and whose Hamiltonian is invariant under charge conjugation, present on the edge zero mode Majorana excitations, which can be useful in quantum computation [3] . These topological characterizations work for the ground state of these systems, that is when the system is at zero temperature. In recent works different attempts have been done to describe the topology modification as the temperature increases and the systems are in a mixed state, described by a density matrix operator [4] [5] [6] [7] . Here we define an analogue of the Chern number, the Uhlmann number, n U , through the recent definition of the mean Uhlmann curvature (MUC) [8] , proving that this quantity tends to the Chern number for a Gibbs state in the zero temperature limit. Specifically we consider 2D translational invariant Fermionic system in thermal equilibrium. As one normally does in the zero temperature case, we consider the first Brilluoin zone as the parameters space, and we calculate the MUC with respect to the two momenta. Then, following the definition of the Chern number, Ch =
, whose zero temperature limit is going to be exactly the Chern number. We use n U to characterize the topological phases of two paradigmatic systems, which represent the class of topological systems that are characterized at zero temperature by the Chern number. Even if n U is not a topological invariant like the Chern number, we are able to describe the modifications of topology proprieties of these systems, linking the MUC, calculated for a generic parameters space, and n U to some physical and experimentally measurable quantities, such as the susceptibility and the conductivity. So, working at first with a generic perturbed system, we find a relation between the susceptibility and the MUC in external perturbation parameter space. Then, by using a general formulation of 2D translational invariant Fermionic systems and applying as a perturbation a homogeneous time-dependent electrical field, we find a relation between n U and the conductivity of the systems at finite temperature.
Uhlmann curvature -The Uhlmann Geometric Phase is the generalization of the Berry phase when the system is in a mixed state [9] . The generalization of the phase is possible thanks to the idea of the amplitude of a mixed state. In fact, considering a density operator ρ acting on a Hilbert space H, the amplitude is defined as an operator over H satisfying ρ = ωω † . The definition of the operator leaves a U (n) gauge freedom on the choice of the operator. Indeed we can easily see that any operator ω = ωU , where U is a unitary matrix, generate the same ρ. Let ρ λ be a family of density matrices parametrized by λ ∈ M, γ := {λ(t) ∈ M, t ∈ [0, T ]} a smooth closed curve in a parameter manifold M and ω λ the corresponding path of amplitudes. To reduce the gauge freedom of each amplitude in the path, Uhlmann introduced a parallel transport condition on ω λ [9] ,
where we have omitted the λ dependencies, and where the dots represent the derivative with respect to t, the curve's parameter. If the parallel transport condition is fulfilled and γ is a closed curve, the amplitudes at the endpoints of the curve must coincide up to a unitary transformation
where V γ is the holonomy associated to the path [9] . The holonomy is expressed as V γ = Pe i A , where P is the path ordering operator, and A = µ A µ dλ µ is the Uhlmann connection one-form, the non-Abelian generalization of the Berry connection. The Uhlmann connection is defined by the following ansatz [10, 11] 
where L µ are the Hermitian operators known as symmetric logarithmic derivative (SLD). The SLD is defined as the solution of the following equation
Then, the Uhlmann connection is the self-adjoint operator implicitly defined by the equation
A transforms as A → U † AU + idU † U under a gauge transformation of the amplitudes ω → ωU , that is the transformation rule of a non-Abelian gauge potential. The analogue of the Berry curvature, the Uhlmann curvature two-form, is defined as
whose components are
The components of the Uhlmann curvature can be understood in terms of the Uhlmann holonomy per unit area associated to an infinitesimal loop,
where δ µ δ ν are the side of the infinitesimal parallelogram spanned by the two independents direction δ µêµ and δ νêν .
The Uhlmann phase is defined as
As it was recently defined in [8] , the mean Uhlmann curvature (MUC), the Uhlmann phase per unit area for an infinitesimal loop, is given by
The MUC is called this way because in the special gauge
It can be shown that the MUC can be written as a function of the SLD
which makes it very easy to calculate it. Working in the Leehmann representation, ρ 0 = i p i |i i|, we can write the MUC as follows
In this work we consider the systems in a thermal equi-
Z . In this case, Eq. (11) allows us to easily calculate the zero temperature limit, and proving that
where F B µν is the Berry curvature of the ground state. The systems we studied in this work are 2-D translational invariant systems whose topology of the ground state is characterized by the Chern number. The Chern number is defined through the Berry curvature as follows
where F B µν is the Berry curvature of the ground state, defined through the connection as
, where A B µ = i ψ λ |∂ µ |ψ λ and the partial derivatives are ∂ µ = ∂/∂k µ . In this work we define the latter quantity as Uhlmann number
where the index µ and ν are referring to k µ and k ν . Looking at Eq. (12) we see that n U must tend to the Chern number in the zero temperature limit, so we shall use n U to describe the topology of the systems even at finite temperature. Exploiting the fact that the MUC does not depend on the gauge choice of the amplitudes, we see that also n U is a gauge invariant quantity. Nonetheless n U is not a topological invariant, and it is not always an integer as the Chern number is. In this work we will use n U as an extension to the Chern number, and we will link this quantity to physical proprieties of the systems.
Translational invariant 2-D Fermionic systems -We consider here 2D Fermionic systems that present translational invariance and may have non-trivial topology at zero temperature.
The Hamiltonian of these systems can be cast in the following form
where H(k) is a 2 × 2 matrix, which can be written as
where h k is a 3-D vector and σ are the Pauli matrices. In the case of the so called Topological
with a k and b k fermionic annihilation operators of two different species of Fermions of the system. Otherwise, in the case of the Topological
t is the Nambu Spinor [12] . In both cases the Berry curvature, and so the Chern number assumes the following expression
As we said before, we consider the situation where the system is in a thermic equilibrium state
In this set-up we find that the MUC for each momentum k is expressed as
(18) The relation between Eq. (18) and Eq. (16) allows to easily verify the zero temperature limit in Eq. (12) . Given that the dependence of the temperature T = 1/β is contained only in the tanh, and because the tanh is analytical, also the MUC should be analytical with respect to the temperature, so we are not expecting to find a phase transition induced by the temperature.
Two-dimensional topological superconductor -The first system on which we apply the Uhlmann approch to describe the topology at finite temperature is the p-wave spinless superconductor [12] . This model is important because it hosts vortices with non-Abelian statistics that can be important for quantum computation [3, 13] .
The lattice Hamiltonian for this model is where µ is the chemical potential, t is the hopping amplitude and ∆ is the superconductor pairing. We can fix t = |∆| = 1 2 so that the only free parameter is µ. Then, we can write the Hamiltonian for this model in the momentum space as follow
with 
For topological non-trivial regions, Ch = ±1, the system presents chiral Majorana modes at the edges. We in Fig. 2a and µ = −0.1 in Fig. 2b in a p-wave superconductor then consider the system in a Gibbs state Eq. (17) and we numerically calculate the Uhlmann number Eq. (14) which values are graphically represented in Fig. 1 . The behaviour of the n U is that of a cross-over transition, where we cannot define a critical transition between two phases, but we see a smooth decreasing to the zero value at the increasing of the temperature. As we said before, we can see that n U correctly describes the topological phase transition at zero temperature. As the temperature increases, the smooth evolution doesn't show any critical temperature. If we fix µ in a specified phase and we increase the temperature we can see two different behaviours of n U . Indeed, in a non-trivial topological phase, with Ch = ±1, we see a smooth decreasing/increasing to 0 (Fig. 2a) . We can see an interesting behaviour in the trivial phase near the critical point. In this case we can see that n U shows a nonmonotonic behaviour before going to zero (Fig. 2b) . This thermic activation of the geometric property of the system is explained considering the filling of the band thanks to the temperature. At zero temperature only the valence band would be filled, but a small increasing of the temperature would empty the valence band near the maximum and fill the conduction band near the minimum. These parts of the band are the ones that most contribute to the Uhlmann curvature. If we are near a critical point, for example µ = 0, the band gap is very close to zero, and so a small temperature would produce a net non-zero n U .
Two-dimensional topological insulator with high Chern number -The second model we studied was first proposed by D.Sticlet et al. [14] . This model is a topological insulator realized in a triangular lattice of fermions with an additional internal degree of freedom. This model can be modified to have up to five different phases. We stud- ied the following case
where the t i are the hopping terms between nearest neighbour with different orbital. The Pauli matrices in this case act on the orbital space. As we did in the previous case, we will study this system in the momentum space, where the Hamiltonian has the expression
with
where we have set t 1 = t 3 = 1. The topological phases at zero temperature are also characterized by the Chern number as a function of t 2 in the following way
In this system we don't have a trivial phase (Ch = 0). In the same way we did for the superconductor, we were able to numerically calculate the n U as a function of the parameter (t 2 ) and the temperature T when the system is in a Gibbs state (Eq. (17)). The results are shown in Fig. 3 . We find for the zero temperature limit the right behaviour, so n U reproduces the Chern number values. At finite temperature, as in the previous case, we find a smooth decreasing/increasing toward zero. So again we did not find a critical transition between from the nontrivial phase to the trivial one. It is interesting to note that, even if at zero temperature there is not a trivial topological phase, however increasing the temperature we can always take the system to have a n U = 0. It is also intresting to note that the thermal topological propierties of these two models were analyzed in [7] . There, their topological indicator shows a critical behaviour with T . Susceptibility and MUC -As it was said at the beginning, in the second part of our work, we find some useful relations between geometrical quantities, like the MUC or n U , and some physical quantities, like the susceptibility. To achieve that, following some methods from [15] , we pick a system with a generic Hamiltonian H 0 , and we consider a generic perturbation
where O µ are a set of observables of the system, and φ µ are the source of the perturbation. Assuming that our system is always in a Gibbs state (Eq. (17)), we are able to calculate the dynamical susceptibility with respect to the operators O µ . Indeed, we find that the dissipative part of the dynamical susceptibility has the following expression in the Leehmann representation
(28) Since for a thermal state we have
, we can relate the χ µν (ω) to the MUC (Eq. (11)) calculated with respect to the perturbations (φ µ ). Finally, we find the relation
whose great importance stands in linking two quantities whose nature is very different. The susceptibility is an experimentally measurable quantity while the MUC is a pure geometrical one. We define the correlation matrix as
and his Fourier transform as
Using the fluctuation-dissipation theorem [16] 
we find the alternative expression for the Eq. (29)
(33) These relations (Eq. (29) and Eq. (33)) link the MUC to two experimentally measurable quantities. As it was recently pointed out [8, 17] , the MUC, calculated in the parameter space of some external parameters, in our cases the perturbations, is related to the multi-parameters estimation problem. Indeed, for a single parameter it is known that the uncertainty of the estimation of this parameter, which is given through the correlation matrix, is subjected to the Quantum CramerRao (QCR) bound [18] [19] [20] ,
where
is the quantum Fisher information matrix. In the multiparameter case, this bound cannot always be saturated, and this is due to the incompatibility of the parameters we want to measure. It was shown that the generalized bound (HRCB) can be saturated if the MUC over these parameter is zero [21] . Thanks to Eq. (29) we see that if the perturbations are longitudinal, so that they affect only the expectation value of the correspondent operator, then the MUC must be zero, and so the two parameters are compatible. Electrical conductivity and n U -In the last part of this work we applied the general ideas of the linear response developed for a general Hamiltonian, to the systems we studied with the Uhlmann number, the TIs and the TSCs. Thus, we consider an Hamiltonian whose expression is of the form of Eq. (15) . We then consider as perturbation a time-dependent homogeneous electric field in the Coulomb Gauge
We add this perturbation to the systems through the Peierls substitutions [12] h ij → e −ie
where h ij are the hopping terms of the unperturbed Hamiltonian. We consider the electric field as a perturbation, so we consider the first term in the expansion and we write the perturbed Hamiltonian as
and the Einstein convention on the repeated index is used. With this expression of H we calculate the dissipative part of the transversal conductivity as
Using the same relation we used before we write the following formula that links the dissipative part of the conductivity to the Uhlmann number (Eq. (14))
This equation is an extension of the famous ThoulessKohmoto-Nightingale-den Nijs (TKNN) formula [22] at finite temperature. In fact the TKNN formula states that for a 2-D electron gas, in a uniform magnetic field, his transversal conductivity is quantized as
when the band is fully filled. This relation has been extended to the case of all the Chern insulators, which are TIs with topology characterized by the Chern number.
Eq. (41) shows that it exist a similar relation even at finite temperature, and even if it is not anymore quantized, there still is a relation between the topology of the system, described by n U , and the transversal conductivity.
Finally, using Eq. (29), from Eq. (41) we get
This last equation links the MUC over the electrical field to the topology of the system (n U ). Exploiting the fact that U EµEν marks the incompatibility of the two directions of the electric field at finite temperature, Eq. (43) states that this property depends on the presence of a non-trivial topology in the system. Conclusions -After reviewing the approach that leads to the definition of the mean Uhlmann curvature, we have defined the Uhlmann number. We have used this quantity as an extension of the Chern number to describe the topology when the temperature is non zero. In fact, in the zero temperature limit, the Uhlmann number has the same value of the Chern number and it makes possible to understand how the topology of the system evolves as the temperature increases. Knowing that the class of 2D materials with non-trivial topology are topological insulators or topological superconductors [1] , whose topology is described by the Chern number, we consider one system for each topological material to represent all the class, and we use n U to describe their topology at finite temperature. In both systems we did not find any phase transitions induced by the temperature. However n U tends smoothly to zero as the temperature increases. It is interesting to note the behaviour of n U in the pwave superconductor. In fact, near a critical point in the topological trivial phase, as the temperature increases, n U shows a peak (Figure 2b) , which can be understood as the response of the system to the beginning of the filling of the conduction band near his minimum.
In the second part of this work we found three interesting relations between geometrical and measurable quantities. In fact, using the linear response theory, we linked the MUC in the perturbation parameters space to the dynamical susceptibility related to these perturbations. This relation between the MUC and the susceptibility gives a natural method to measure the MUC. If the system considered is a 2D translational invariant fermionic system, and the perturbation is a homogeneous time dependent electrical field, using the same methods applied earlier, we found a relation between the dynamical conductivity and n U , that shows how the conductivity is affected by the presence of the topology even at finite temperature. Combining these two expressions we found a relation between the MUC, in the electric field parameters space, and n U . This is interesting because it shows that the measurement incompatibility of the two components of the electric field is related to the presence of a non-trivial topology.
With the definition of n U as an extension of the Chern number we envision the possibility of making this extension even more faithful, for example, studying if it is possible to find a generalized bulk-boundary correspondence at finite temperature. Moreover, we plan to discuss the possibility of applying this approach to other topological systems where the Chern number provides usefull informations, for example in the adiabatic pumps, where the Chern number is related to the charge accumulated at the system's boundaries after one cycle [23] . Finally we think it would be possible to find other ways to mesure n U , through the circular dichroism, as it was done for the Chern number [24] .
